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A generalized finite integral transform combining the Fourier and 
Hankel transforms is introduced. This transform, together with a 
Laplace transformation with respect to time, makes possible the 
simultaneous solution of the problems for a plate, a cylinder, and a 
sphere. 

F in i t e  i n t e g r a l  t r a n s f o r m s  a r e  convenient  for  s o l v -  
ing  p r o b l e m s  of t h e o r e t i c a l  p h y s i c s ,  when the value  
of the i nves t i ga t ed  quant i ty  at  the in i t i a l  ins tan t  i s  
given in the f o r m  of a funct ion of the coo rd ina t e s .  

The method  has  been  deve loped  in [1-11]  and e l s e -  
where .  In teg ra l  t r a n s f o r m s  were  u sed  in [12] to so lve  
p r o b l e m s  of  nons teady  hea t  and m a s s  t r a n s f e r .  

This  a r t i c l e  i n t roduces  a g e n e r a l i z e d  t r a n s f o r m  
that  combines  the F o u r i e r  and Hankel  t r a n s f o r m s .  F o r  
th is  pu rpose ,  we emp loy  the funct ions [13] 
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which can be e x p r e s s e d  in t e r m s  of the h y p e r g e o m e t r i c  
funct ion 

~r(x)=F [F-~I ; (2 )2] ;  Vr(x) =: 

x 

The funct ions 4~F(X ) and VF(X ) have the g r e a t  a d -  
vantage that  they make  i t  pos s ib l e  to so lve  the p r o b -  
l e m s  for  a p la te  (F  = 0), a c y l i n d e r  (F  = 1), and a 
s p h e r e  ( F  = 2) s imu l t aneous ly .  F o r  F = 0, 1, and 2, we 
obta in  the usua l  s e r i e s  def ining t r i g o n o m e t r i c  and 
B e s s e l  funct ions:  
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Vo (x) = sin x, Vl (x) - - /1  (x), 

V~ (x)  - sin x - -  x c o s  x ( 4 )  

X ~ 

826-831 ,  1968 

It i s  e a s y  to show that ,  if  #~, #2 . . . . .  #n a r e  p o s i -  
t ive  roo t s  (numbered  in i n c r e a s i n g  o r d e r )  of one of 
the equat ions  

e r ( ~ )  =0,  (5) 

Vr(tO = 0, (6) 
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, ( 7 )  Vr (Iz) Si 

the funct ions  OF(#tx) ,  ~hF(#2x) . . . . .  e F ( # n  x) f o r m  on 
the i n t e r v a l  [0, 1] an or thogonal  s y s t e m  with weight  x F. 
Then, fo r  any funct ion f ( x )  that  s a t i s f i e s  the D i r c h l e t  
condi t ions  on the i n t e r v a l  [0, 1], i t  i s  p o s s i b l e  to con-  
s t r u c t  a s e r i e s  
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The g e n e r a l i z e d  i n t e g r a l  t r a n s f o r m  is  def ined  as  

1 

{f(l~)}r : ~ xr r x) f(x) dx. (9) 
0 

Here ,  # i s  a r oo t  of one of the t h r e e  equat ions  (5) - (7) .  
F o r  F = 0 and 1, Eq. (9) g ives  the F o u r i e r  [1] and 
Hankel  [2] t r a n s f o r m s  as  spe c i a l  c a s e s .  

Compar ing  Eq. (8) with def in i t ion  (9), we see  that  
the i n t e g r a l  is  exac t ly  If(#)} F. Hence,  i t  fol lows that  
the i n v e r s i o n  f o r m u l a  for  t r a n s f o r m  ( 9 ) h a s  the fo rm 
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We now apply  t r a n s f o r m  (9) to p r o b l e m s  of hea t  con-  
duction.  The t e m p e r a t u r e  f i e ld  of o n e - d i m e n s i o n a l  
bod ies  i s  d e s c r i b e d  by the equat ion 

00(~, Fo) _ 0  ~0(}, Fo) ~_ 

OFo 0 ~ 

+ F 08(~, Fo) +AO(~,  F o ) + P o ( ~ ,  Fo). (11) 

The in i t i a l  t e m p e r a t u r e  i s  a s s u m e d  to be a g iven 
funct ion of the d i m e n s i o n l e s s  coord ina t e  

o (~, o) = f (U. (12) 
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Moreove r ,  for  a plate ,  by v i r tue  of s y m m e t r y ,  

00(0, Fo) - -0 .  
O~ (13) 

Assuming  that the o p e r a t o r  of t r a n s f o r m  (9) is c o m -  
muta t ive  with the d i f ferent ia t ion  o p e r a t o r  0/0  Fo, a f t e r  
mul t ip ly ing all the t e r m s  of Eq. (117 by ~F~F(#~)  and 
in tegra t ing  with r e s p e c t  to ~ f r o m  0 to 1, we obtain 

0 {0 (It, Fo) }r 0 0 (1, Fo) 
0 Fo = Or (1.) 0 g + 

q- Ix Vr (10 0 (1, Fo) - -  }x ~ { 0 (Ix, Fo)} r + 

+ A { 0 (t~, Fo)}r + ( Po (~, Fo) }r" (i4) 

Applying a Laplace  t r a n s f o r m a t i o n  to Eq. (14), we 
obtain 
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Going over  to the i nve r se  t r a n s f o r m  with r e s p e c t  
to the p a r a m e t e r  s, we find 
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Substituting (16) into the inve r s ion  f o r m u l a  (10), we 
obtain 
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In boundary  condit ions of the f i r s t  kind, the su r f ace  
t e m p e r a t u r e  of the body is  given as a function of t ime:  

0 (1, Fo) = q~ (Fo). (18) 

In this ease, we must assume that/z n are roots of Eq. 
(5). Substituting (5) and (18) into (17), we find 

0(~, Fo) = Z 2Or(I*.~) expI(A--1*~) Fo/x 
~=~ v~(~) 

{!' X gr Or (1*n~) f (~) d ~ + IZnVr (1*n) X 

Fo 
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0 0 

x exp [(1*~ - -  A) Fo*] d ~ d Fo* }. (19) 

In boundary  conditions of the second kind, the heat  
flux at  the su r face  is  given as  a function of t ime:  

0 0 (1, Fo) _- Ki (Fo). (20) 

In this case ,  it is  n e c e s s a r y  to a s s u m e  that  gn a r e  
roo ts  of  Eq. (6). Substituting (6) and (207 into (17), and 
keeping  in mind that  # = 0 is  a l so  a root  of  Eq. (6), 
we find 
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In boundary conditions of the third kind, heat ex- 

change with the surrounding medium proceeds accord- 
ing to Newton's law 

00(1, Fo) 
+ Bi[0 (1, Fo) - -  0f (Fo)] = 0  , (22) 

0~ 

where  the t e m p e r a t u r e  of the sur rounding  medium,  
0f(Fo), is a given function of t ime .  

In this case ,  we m u s t  a s s u m e  that/~n a r e  roo ts  of 
Eq. (7). Using (7) and (227, f rom (17) we find 

0 (~, Fo) = Z 2Or (p~) Si ~ 
~-1 v~(1*n) Bi~+ 1.~ + ( 1 - - O  Bi x 
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Fo 

X ~ Of (Fo*) exp [(9~ - -  A) Fo*] dFo* + 
0 

F o l  

-t- S S gr Cr ( ~ )  Po (~, Fo*) x 
0 o 

x exp [(9~-- A) Fo*l d g d Fo*}. (23) 

If, into the solutions obtained, we substitute the 
values of the functions ~F(X) and Vr(x ) in accordance 
with (4), we obtain the solutions for a plate, a cylin- 
der, and a sphere. From (19), (21), and (23), there 
follows the ser ies  of particular solutions given in 
[12, 14, 15] and elsewhere. 

The uniformity of the equations obtained facilitates 
programming and computer calculations. For this pur-  
pose, it is desirable to compile standard routines for 
computing ~F(X) andVF(X ). 

The proposed integral t ransform can easily be used 
to solve a number of problems of thereotical physics, 
and also the system of equations of heat and mass 
t ransfer  given in [121. 

NO TA TI ON 

x is the independent variable; F is a constant equal 
to 0, 1, and 2, respectively, for a plate, a cylinder, 
and a sphere; ~F(X) is a function defined by Eq. (17; 
VF(X 7 is a function defined by Eq. (2); ~ is a dimen- 
sionless coordinate; Fo is the Fourier  number; 0(4, 
Fo) is the dimensionless temperature;  Po(~, Fo) is the 
Pomerantsev number; A is a dimensionless parame-  
ter;  ~(Fo)is the dimensionless surface temperature;  
Ki(Fo) is the Kirpichev number; Bi is the Blot num- 
ber; 0f(Fo) is the dimensionless temperature of the 
surrounding medium; an are the roots of one of the 

three equations (57-(7); s is the Laplace t ransform 
parameter.  
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